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MULTIPLE ZETA VALUES OVER GLOBAL FUNCTION FIELDS 


RIAD MASRI 

Abstract. Let AT be a global function field with finite constant field of or¬ 
der q. In this paper we develop the analytic theory of a multiple zeta function 
Zd{K] Si,..., Sd) in d independent complex variables defined over K. This is the 
function field analog of the Euler-Zagier multiple zeta function Cd(si,..., Sd) of 
depth d ( \Z1] ). Our main result is that Zd{K; si,..., Sd) has a meromorphic con¬ 
tinuation to all (si,..., Sd) in and is a rational function in each of ,... 
with a specified denominator. 


1. Introduction and statements of results 
1. In |Zlj Zagier defined the multiple zeta function of depth d by 

Cd{si,...,sd) = (si,...,sd)ec'^, 

0<ni<---<nd 

which is absolutely convergent and analytic in the region 

Re(sfc + ■ ■ ■ + Sd ) > d — k + 1 , k = 1 ,... , d . (1.1) 

He then dehned the multiple zeta values of depth d by 

Cd { ai ,..., ttd ) = ^ Ofc G Z>i, > 1, 

0<ni<---<nd 

and described in part the fundamental role these numbers play in geometry, number 
theory, and physics. This has continued to be revealed in the work of Drinfeld, 
Goncharov, Kontsevich, Manin, and Zagier, among others (see the discussion below). 

In this paper we begin to develop a theory of multiple zeta values over global 
function helds. Our objective here is to develop the analytic properties of two new 
multiple zeta functions analogous to ( d - The hrst of these is associated to the polyno¬ 
mial ring Fq[T] over a hnite held Fg of order q, and the second of these is associated 
to a global function held K with hnite constant held ¥q. We will prove that each 
of these functions has a meromorphic continuation to all (si, ..., Sd ) in C'^ and is a 
rational function in each of , ■ ■ ■, with a specihed denominator. 

We now describe the main result of this paper. Let A be a global function held 
with hnite constant held Fg. For a divisor D of K, let deg(D) be its degree and 
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\D\ = bg norm. Let Pj be the sub semi-group of effective divisors of K. 

We define the multiple zeta function of depth d over K by 

d 

Z,{K-S,,...,S,)= 

{Du-,Da)£V+x-xV+ k=l 
0<deg(Di)<---<deg(Dd) 

which is absolutely convergent and analytic in the region m- Our main result is 
the following 

Main Theorem. The multiple zeta function [K] si,... ,Sd) has a meromorphic 
continuation to all (si,..., Sd) in C'^ and is a rational function in each ofq~'^^,..., q~^’^ 
with a specified denominator. Further, Z^ {K; si,... ,Sd) has possible simple poles on 
the linear subvarieties 


Sfc -f" • • • -1“ Sd — 0,1,..., d — /c -|- 1, k — 1,..., d. 


The proof of the main theorem rests on the Riemann-Roch theorem for global 
function helds. 

In the remaining part of the introduction we want to provide some motivating 
background on the multiple zeta values over Q and describe the results of this paper 
in more detail. As mentioned, the multiple zeta values and their generalizations, the 
multiple polylogarithms at N-th roots of unity. 
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have been the focus of much attention in the past 15 years. In an important develop¬ 
ment, Kontsevich discovered that the multiple zeta values can be expressed as an iter¬ 
ated integral of Chen-type. This led to A. Goncharov’s interpretation of the multiple 
zeta values as periods of mixed motives, and his remarkable work isiiinaissiiniiss] 
on mixed Tate motives over Spec(Z) and proof of the upper bound in Zagier’s dimen¬ 
sion conjecture. 

Zagier’s dimension conjecture is perhaps the central problem in the subject. Recall 
that this is a statement about the non-trivial Q-linear relations which arise between 
multiple zeta values of the same weight (see |ZljL Let Z^ denote the Q-algebra 
generated by all multiple zeta values of weight w = ai + ■ ■ ■ + Od. The dimension 
conjecture states that dimQ = d^, where do = 1, di = 0, d 2 = 1, and d^ = 
dw -2 + dw -3 for w > 3. For w > 2, this formula implies that d^ is less than or equal 
to 2"'“^, the number of multiple zeta values of weight w, and hence that there are 
many non-trivial Q-linear relations between multiple zeta values of the same weight. 
Goncharov proved the inequality dim^ Zyj < dyj. 

Additional interesting work on the multiple zeta values and related topics can be 
found in Drinfeld Goncharov and Manin ITTMj . Kontsevich lED Manin 
iMalllM^ . and Zagier jZ2j . The particularly nice survey article of Kontsevich and 
Zagier |KZj discusses the multiple zeta values in the more general context of periods 
and special values of L-functions. 


2 







There has also been a great deal of attention focnsed on the analytic properties 
of mnltiple zeta fnnctions. For example, the meromorphic continuation of Cd to all 
(si,..., Srf) in was first established by Goncharov and Kontsevich in jG4j . The 
existence of such a meromorphic continuation was originally obscured by the presence 
of points of indeterminacy, which are special types of singularities arising in several 
complex variables (see jM])- Goncharov and Kontsevich established the meromorphic 
continuation by using a d-dimensional Mellin transform to express C,d as the pairing of 
a meromorphic distribution and a test function in a certain modified Schwartz class. 
These methods were subsequently extended by J. Kelliher and the author in jKMj to 
give a sufficient condition for the meromorphic continuation of a more general class 
of multiple Dirichlet series of Euler-Zagier type. 

2. Let Fq[T] be the ring of polynomials with coefficients in the finite field Wq of 
order q. For / in Fg[T], let deg(/) be its degree and |/| = Recall that the 

zeta function of Fq[T] is defined by 

Z(F,|T],s)= J] l/r*, Re(s)>l. 

/GF,[T] 

/ monic 

We formally define the multiple zeta function of depth d over Fq[T] by 

d 

Zd{¥q[T]-s,,...,Sd)= (1-2) 

{fi,...Jd)^¥g[T]x-x¥g[T]k=l 

monic 

0<deg(/i)<---<deg(/d) 

The following result establishes the analytic properties of (II3). 

Theorem 1.1. (1) (Fg[T]; Si,..., Sd) is absolutely convergent and analytic in the 

region (I23P. 

(2) Zd (Fg[T]; si,..., Sd) has a meromorphic continuation to all (si ,... ,Sd) in 

and is a rational function in each of , ■ ■ ■, ■ In fact, 

d 

JJ (1 _ qd-k+i-is,+-+sd)^^ Zd (FjTj; si,..., s,) = 1. 

k=l 

(3) Zd (Fg[T]; si,..., Sd) has simple poles on the linear subvarieties 

Sk-\ - \-Sd = d-k + l, k = l,...,d. 


(4) The function 


&(F,[r];si,...,s,) :=nrr 


- \-Sd-id-k)) 


- \~^d~(d—k)) 


k=l 


-(d-k)) ^d{¥q[T]-,Si,...,Sd) 


is invariant under the involution 


Si I—> 2d — 1 — 2 (s2 + • • • + Sd) — Si. 
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(5) Zd (Fq[T]; si,... ,Sd) has the Euler product 

Zd{¥,[T]-s^,...,sd)= n n(i- 

P&¥q[T] k=l \ 

P monic 
P irreducible 

Remark 1.2. (Fg[T]; si,..., s^) seems to be the first example of a Zagier type 

multiple zeta function possessing a functional equation and Euler product. In fact, it 
is not difficult to see that (d cannot satisfy a functional equation in any of the inde¬ 
pendent variables si,... ,Sd. This is because of a shifting in the variables rii,... ,nd 
which occurs if one expresses (d as a sum over 

Remark 1.3. It is possible to compute the residues at the simple poles on the linear 
subvarieties 


-1 


- \-Sd~{d—k) 


Sfc H- \-Sd = d-k + l, k = l,...,d. 


For example, suppose d = 2. A straightforward application of L’Hopital’s rule shows 
that the double zeta function Z 2 (Fq[T];s,w) has simple poles on the linear subvari¬ 
eties s + w = 2 and w = 1 with the following residues: 

(1) For s 7 ^ 1, 

lim (u, - 1)Z, (F,[r]i s. w) = . 


(2) For w 1, 


lim {s - {2 - w))Z 2 {¥q[T];s,w) 

s—> 2 —■!« 

(3) For s 7 ^ 1, 


lim {w - {2 - s))Z 2 (¥g[T];s,w) 

w^2-s 


(1 -gi-"') ^ 
log(g) 

log(g) 


From Theorem o we obtain the following factorization of Zd (Fg[T]; si,... ,Sd). 


Corollary 1.4. Zd (Fg[T]; si,... ,Sd) has the factorization 

d 

Zd (Fg[T]; Si,..., Sd) = Z (Fq[T], Sk + ■ ■ ■ + Sd — {d — k)). 

k=l 


Proof. This follows from Theorem ll.il part (2), and the identity Z(Fq[T], s) = 1/(1 — 

□ 

Corollary 1.5. Zd (Fq[T]; Si,..., Sd) has no zeros in C'^. 

Proof. This follows from Corollary 11.41 and the fact that Z{¥q[T], s) has no zeros in 
C. □ 
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Remark 1.6. Upon examining the proof of part (4) of Theorem II.11 one sees that 
the functional equation is actually satished by 

Q (-^l H 1)) 

1 _ q-{si+-+Si-(d-i))^d (Fg[T]; Si,..., s^). 

However, as suggested by Corollary I1.4L by including the factors 

- 

1 _ q-{s^+-+sa-{d-k))' fc = 2, ...,d, 

we can obtain additional functional relations. These are no longer involutions, but 
instead involve a mixing of the variables. For example, suppose d = 2. Let 

w ^ 1 — w 


in 

Then arguing as in the proof of part (4) of Theorem II .11 we obtain the functional 
relation 


6 {^q[T]; s,l-w) = ^2 (Fg[T]; s-2w + l,w). 

3. We now recall some background on function helds. A function held in one 
variable over a constant held F is a held K containing F and at least one element x 
transcendental over F such that K/F{x) is a hnite algebraic extension. A function 
held in one variable over a hnite constant held F = is called a global function held. 
Throughout this paper we assume that F is a global function held. 

A prime in F is a discrete valuation ring R with maximal ideal P such that F,j C F 
and the quotient held of R equals F. The degree deg(F) of P is the dimension of 
R/P over F^, which is hnite. The group T>k of divisors of F is the free abelian 
group generated by the primes in F. A typical divisor D is written additively by 
D = The degree of D is dehned by deg(F) = a(F)deg(F). 

Given a G F*, the divisor (a) of a is dehned by (a) = ^pOrdp(a)F. The map 
F* —> Vx dehned by a i—>■ (a) is a homomorphism whose image Rk is the group of 
principal divisors. Two divisors Di and D 2 are linearly equivalent Di ~ D 2 if their 
diherence is principal; that is, Di — D 2 = (a) for some a G K*. Dehne the divisor 
class group by CIk = RkIVk- 

It can be shown that the degree of a principal divisor is zero (see jRj, Proposition 
5.1). Thus, the degree map deg : CIk —> Z is a homomorphism. Let ker(deg) = Cl^ 
be the group of divisor classes of degree zero. It can also be shown that the number 
\Cl%\ of divisor classes of degree zero is hnite (see [^, Lemma 5.6). Dehne the class 
number of F to be hx = \CIk\- Because F has divisors of degree one (see [S]), we 
obtain the exact sequence 

0 ^ ^ CIk ^ ^ ^ 0 . 
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A divisor D is effective if a{P) > 0 for all P. We denote this by D > 0. Given a 
divisor D, let 

L{D) = {xeK* : (a:) + D > 0} U {0}. 

It can be shown that L{D) is a hnite dimensional vector space over Fg. Let 1{D) the 
dimension of L{D) over F^. 

We are now in a position to state the following form of the Riemann-Roch theorem 
for global function helds. 

Theorem 1.7 (Riemann-Roch). There is an integer g > 0 and a divisor class C such 
that for C E C and A G Vk we have 

l{A)=deg{A)-g + l + l{C-A). 

The integer g, which is uniquely determined by K, is called the genus of K. 

4. For a divisor D oi K, let \D\ = be its norm. Then \D\ is a positive 

integer, and for any two divisors Di and D 2 , \Di + D 2 \ = |Zli| |Zl2|- Let be the 
sub semi-group of effective divisors of K. Recall that the zeta function of K is dehned 
by 

Z{K,s) = |T)r% Re(s) > 1. 

Dev+ 

We formally dehne the multiple zeta function of depth d over K by 

d 

Zd{K-si,...,Sd)= Y (1-3) 

(Di,..,Dd)eI5+x-xD+ k=l 
0<deg(Di)<---<deg(Dd) 

If iL is a global function held of genus 5^ = 0, then K = Fq(T) is the rational 
function held. The following result establishes the analytic properties of (Q in the 
case K = F,j(T). 

Theorem 1.8. (1) Zd (Fg(T); Si,..., Sd) is absolutely convergent and analytic in the 
region (El. 

( 2 ) Zd (¥g{T); Si,..., Sd) has a meromorphic continuation to all (si ,... ,Sd) in C'^ 

and is a rational function in each of , ■ ■ ■, ■ In fact, 

Q(g-^S...,g-^^)Z,(F,(T);si,...,s,) 

is a polynomial of degree < 2d — 1 in each of q ~^^,..., q~^‘^, where 

Q ( 9 -,... ,9 —) = (9 - l)" (1 - q-“) (1 - 9'-*-) 

d-1 

_ - 

fc=i 

(3) Zd (Fq(T); si,..., Sd) has possible simple poles on the linear subvarieties 

Sfc -j- ■ ■ ■ T Sd = 0,1,..., d — k P I, k = , d. 





Recall that a multiple zeta value is said to be reducible (completely reducible) if 
it can be written as a rational linear combination of products of lower depth (depth 
one) multiple zeta values. The following corollary shows that (Fg(T); si,..., s^) is 
always a rational linear combination of products of 1-dimensional zeta functions over 

Fjr], 

Corollary 1.9. Zd (Fq(T); si,..., Sd) is a rational linear combination of products of 
zeta functions of the type 

Z (Fg[T], Sk + ■ ■ ■ + Sd — , Z (Fg[T], Sk + Sd), Z (Fq[T], -t- • • • -f- -t-1), 

where fc = 1,..., d. 

Corollary II.91 is in stark contrast to what occurs for the multiple zeta values, where 
one must place restrictions on the depth d and weight w to guarantee reducibility. 
For example, when the depth d and weight w of a multiple zeta value have different 
parity, the multiple zeta value is reducible (see m). As a hrst instance of this, there 
is the following fact due to Euler and Zagier: Every double zeta value ( 2 ( 0 ,, h) of odd 
weight k = a + h is a rational linear combination of the numbers ({k) and C(’")C(^ “’") 
where 2 < r < k/2. 

We illustrate the type of decomposition one obtains in Corollarv ll.bl in the following 
2-dimensional example. 

Example 1.10. The double zeta function Z 2 (Fg(T);s,tc) has the following decom¬ 
position as a rational linear combination of products of 1-dimensional zeta functions 
over Fq[T]: 

^2 (F,(r); s, w) = (F,|T|, s + !» - 1) Z (F,|T|, m) 

- s + ») Z (F.in,» + 1) 

- (7^^ ^ (Fjrj.») 

+ . _ ;^\ 2 Z (Fq[r], S + U) + 1 ) Z (Fg[T],U) + 1 ) . 

5. If W is a global function held of genus (7 > 1, (IF; si,..., s^) no longer 
decomposes as a rational linear combination of 1-dimensional zeta functions. This 
indicates a more complicated arithmetic structure. The following result establishes 
the analytic properties of (El in the case K has genus g >1. 

Theorem 1.11. Let K be a global function field of genus g>l. 

(1) Zd{K; si,..., Sd) is absolutely convergent and analytic in the region /ti.if) . 

(2) Zd {K; si,..., Sd) has a meromorphic continuation to all (si ,... ,Sd) in and 
is a rational function in each of , • • •, with a specified denominator. 

(3) Zd {K; si,..., Sd) has possible simple poles on the linear subvarieties 

Sk T ■ ■ ■ T Sd = 0,1,..., d — /c -|- 1, fc = 1,..., d. 
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As indicated in Theorem Em part (2), the denominator of the rational function 
si,..., Sd) can always be specified. The following result illustrates this in 2- 
dimensions. 


Corollary 1.12. Let K be a global function field of genus g > 1. Let u = q 
and V = q~'^. Then 


Z2 {K]s,w) 


P{u, v) 
Q{u,v)' 


where 

P{u, v) E Q[m, v] 

is a polynomial of degree < 2g + 1 in u and degree < (1 + 2 + ■ ■ ■ + 2g) + 2g — 2 in v, 
and 


2g-2 

Q{u, v) = {1 — u){l — qu){l — q‘^u){l — v){l — qv) ^ f]- 

n=0 


Remark 1.13. The polynomial P{u,v) can be given explicitly as follows. Let bn be 
the number of effective divisors of K of degree n. Let 


2g—2 2g—2—n 

Pl{u,v) = Q{u,v)'^ ^ bnbm+nU 

n=0 m=0 

h 




2g-2 2g-2 


P 2 {u,v) = ^-^(1 - “)(1 - [q^{l -v) -{1- qv)]v‘^^ ^ ^ bku'^ JJ 


k=0 n=0 

n^k 


Pfiu,v) = 


h 


2 2g—2 


K 


n 


X 


(g- 1)2 J-i 

' n=0 

[(1 — qu){l — n)(l — u) {(fy — (1 — q^u) (1 — ^^)(l — u)q^ 

— (1 — qv) (1 — q^u) (1 — u)q^ + (1 — gv) (l — q^u) (1 — gw)] 


Then 


P{u,v) = Pfiu.v) + P 2 {u,v) + P 3 {u,v). 

Remark 1.14. The rational function P{u,v)/Q{u,v) depends in a complicated way 
on the function held K. For example, if K has genus g = 1, then 

,2 T-r2g-2 n 

Z2{K-sM = Z{KM+ . ^,2 Ar , X 

(g- 1)2 Q[u,v) 

[(1 — qu){l — n)(l — u)q^ ~ ~ (1 “ '^)(1 “ 

— (1 — qv) (1 — g^w) (1 — u)q^ + (1 ~ Q'v) (l — q'^u) (1 — qu)] . 


6. In conclusion, we want to emphasize that ZfiK] si,... ,Sd) provides ample op¬ 
portunity for further research. Three potentially interesting questions are the follow¬ 
ing. First, do the special values Zd{K; ai,... Od), a/c G Z>i, > 1, have a Chen-type 








integral representation analogous to • • •, o,d), and if so, does this lead to a coho- 

mological interpretation of these special values? Second, in 1-dimension the polyno¬ 
mial appearing in the numerator of the rational function Z{K, s) is the characteristic 
polynomial of the action of the Frobenius automorphism on the Tate module (see 
0. pg. 275). Is there a similar interpretation of the polynomial P{u,v)7 Third, for 
K of genus (? > 1, can anything in general can be said about the dependence of the 
rational function Zd{K] si,... ,Sd) on the function field K1 

This paper is organized as follows. In section |21 we prove Theorem 11.11 In section 
01 we prove Theorem 11.81 and Corollary 11.91 Finally, in section!^ we prove Theorem 
II. Ill and Corollary II. 121 

I would like to thank Sol Friedberg for encouraging me to pursue this work. The 
author was supported by a Postdoctoral Fellowship at the Max-Planck-Institut fiir 
Mathematik during part of this work. 

2. Proof of Theorem o 

For future reference we summarize the analytic properties of Z{¥q\T], s). We refer 
to these as properties 1-4. 

(1) Z{¥q[T], s) has a meromorphic continuation to all s in C and is a rational 
function in q~^. In fact, Z(¥g[T],s) = 1/(1 — 

(2) Z(¥g[T],s) has a simple pole at s = 1 with residue l/log(g). 

(3) The function 

satisfies the functional equation 

f(F,|T],l-s)=f(F,|T],ii). 

(4) Z{¥g[T],s) has the Euler product 

z(FjT],s)= n 6-r/r) ■ 

PGFg[r] ^ 11/ 

P monic 
P irreducible 

The following fact will be needed in the proof of Theorem II .11 
Lemma 2.1. The number of monic polynomials of degree n in Fg[T] is g”. 

Proof of Theorem M . 1\ Given a set X, let |X| denote the number of elements in X. 
Define the nonnegative integers 

ani,...,nd = l{(/i,...,/d) e F,j[T]'^ : //, monic, deg(/fc) = fc = l,...,d}|, 

and 

Ku = \{fk e FJT] : fk monic, deg(/A,) = . 


9 







Then 






k=l 


SO that formally, 


Zd(¥g[T]-,si,... ,Sd) = 




n(« 


nk\-^k 


0<ni<-"<nd k=l 

d 

E If''”* («”*)■“ 

0<ni<---<n(i k=l 


The last sum can be expressed as 


d oo oo d 

-,nk\-Sk _ 


E If''". («"*)"* = E ■ ■ ■ E n(«"”■) 

0<ni<---<n^ k=l ni=0 n^=0 k=l 

Therefore, 

OO OO d 

Zd (Fg[T]; Si,..., Sd) = ^ ^ JJ bn,+...+nk 

ni=0 nrf=0fc=l 

By Lemma [2.IL 


-l-^fc 


— Sy \ - 


H-9 


_ - \-nk 


so that 


k=l 


^n\ 


k=l 
d 


,niH- hrik 






k=l 

d 




— ^q'i~k+l — (sk-\ hSd)^’ 

k=l 

Thus, if 

Re(sfc + ■ ■ ■ + Sd) > d — k + 1, k = 1,. .. ,d, 
substituting in m and summing geometric series yields 

d oo 

Zj (F,[T|i Si,..., sj) = n E (y-‘+‘-'**+-+">)"‘ 


k=l nfc=0 
d 


n(i- 9 ' 


_ frjd—k-\-l — {sk-\ - \-Sci 


>) 


-1 


k=l 


( 2 . 1 ) 


( 2 . 2 ) 


This proves (1). 
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It follows from (EH that Zd (Fg[T]; Si,..., s^) has a meromorphic continuation to 
all (si,..., Sd) in C'^ and is a rational function in q~^^, ..., with 

d 

JJ (1 _ qd-k+i-is,+-+s,)^^ (FJT]; si,. .., s^) = 1. 

k=l 


This proves (2). 

It also follows from (Q that Zd (Fg[T]; Si,..., Sd) has simple poles on the linear 
subvarieties 


Sfc + • ■ ■ + Sd = d — fc + 1, A; = 1,..., d. 


This proves (3). 
Write 


d — k -\- 1 — (sfc + ■ ■ ■ + Sd) — 1 — (sfc + ■ ■ ■ + Sd — {d — k)). 


Then (|2.2|) and property 1 yield the factorization 

d 

Zd Si,, Sd) = Z (Fq[T], Sk + ■ ■ ■ + Sd — {d — k)). (2.3) 

k=l 

From the dehnition of ^(Fg[T], s) and (12.311 we obtain 

d 

^d{^q[T]]Si,...,Sd) = JJ^(Fg[T],Sfc H- \-Sd- (d-k)). (2.4) 

k=l 

From property 3 we obtain the functional equation 


^ (Fg[T], 1 — Si + ■ ■ ■ + Srf — (d — 1)) — Si + ■ ■ ■ + Srf — (d — 1)), 


or equivalently, 


^ (Fq[T], d — (si + • • • + Sd)) — ^ (IFg)?"], Si + • ■ ■ + Srf — (d — 1)). (2.5) 


Let 


Si I —> —Si — 2 (s2 + ■ ■ ■ + Sd) + 2d — 1 


in 


^d(Fg[T];si,...,Srf). 
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It follows that 


(IF'<j[^]; “Si — 2 (s2 + ■ ■ ■ + Sd) + 2d — 1,, Sd) 

= ^ (Fg[T], (—Si — 2 (s 2 + ■ • • + Srf) + 2(i — 1) + S2 + ■ ■ • + Srf — (cf — 1)) 

d 

X + ■ ■ ■ + ~ {d — k)) 

k=2 

d 

= a^,[nd-{si + ---+sd))i[a^,[T],sk + ---+sd-{d-k)) 

k=2 

d 

= ^ (Fg[T],si H- \rSd-{d- 1)) JJ^(Fg[T],Sfc H- V Sd- {d-k)) (from (ESK 


k=2 


ne(FjT],Sfc + --- + Sd-(ci-fc)) 


fc=l 

= (FjTj; Si,..., Sd) (from (j231))- 
This proves (4). 

Finally, from the factorization (Q and property 4 we obtain the Euler product 

\ 

2j(F,|r];si,....sj)= n nh 


iSfcH- \-Sd-{d-k) 


P&q[T] k=l 
P monic 
P irreducible 


This proves (5). 


□ 


3. Proofs of Theorem 11.81 and Corollary 11.91 


It can be shown that for all integers n > 0, the number of effective divisors 
of degree n is finite (see j^. Lemma 5.5). It is known that if n is sufficiently large 
compared to the genus of K, this number takes an explicit form. 

Proposition 3.1. For all nonnegative integers n > 2g — 2, 

qu-g+i _ 


bn = hx- 


q-l 


We include a proof for convenience. 

Proof. Let A be a divisor and A be its divisor class. We will need the following two 
facts. 

(1) The number of effective divisors in A is 

qd^'> - 1 
q-1 

(2) If deg(2l) > 2g — 2, then 1{A) = deg(A) — + 1. 
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Fact 1 is ini. Lemma 5.7. 

To prove Fact 2, first observe that by Theorem ll.TL Fact 2 is equivalent to 1{C—A) = 
0. Now, by Theorem ITTI with A = C, deg(C') = 1{C) + g - 2 (here we used that 
/(O) = 1), and by Theorem 1 1.71 with ^4 = 0, 1{C) = g. Thus, deg(C) = 2g — 2. Since 
we have assumed that deg(y4) > 2g — 2, it follows that 

deg(C' — A) = deg(C) — deg(yl) < 2g — 2 + 2 — 2g = 0. 

Finally, by 0. Lemma 5.3, deg(C' — A) < 0 implies that 1{C — A) = 0. This proves 
Fact 2. 

We can now prove the proposition. From the exact sequence 

0 ^ ^ (F/x ^ Z ^ 0 


we conclude that for each nonnegative integer n, there are hx = \Cl^x\ divisor classes 
of degree n. List these as {Ai,..., By Fact 1, the number of effective divisors 

in Ai is 

q-l 

Therefore, 


hK 


2 = 1 


qK^i) — 

q-l 


Assume that n 


deg(Aj) > 2g — 2. By Fact 2, /(A) = n — g + 1. We conclude that 


b 


n 


hx 


q-n-g+l _ 

q-l 


1 


□ 


Proof of Theorem M.A Dehne the nonnegative integers 
a. 


^ni 


and 


Then 


= I {(T)i,..., Dd) e ■ ■ ■ X : <leg{Dk) = Uk, k = 1,... ,d} \ , 

bn^ = I {Dk e : deg(T>fc) = rifc} | . 

n 


^ni,...,na ~ J_ J_ ^riki 
k=l 


SO that formally, 

oo oo d 

Zd (Fg(T); Sl, ..., Srf) = ^ ^ JJ &ni + ...+nfc (g”*") 

ni=0 n^=0 k=l 

By Proposition 13. IL 

K,+...+nJ < Ckq^^+-+^'^ 


- 


(3.1) 
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for some constants Ck > 0, k = 1,... ,d. This yields the estimate 


nh 

k=l 


niH- \-nk {q 


- \-nk 


< 




k=l 

d 




d — }z~\~\ —R©(s^ ~1“ • • 


>) 


rik 


k=l 


Thns, if 


Re(sfc + ■ ■ ■ + Sd) > d — k + 1, k = 1,... ,d, 
snbstitnting in (ED) and snmming geometric series yields 

d oo 


oo oo d 

E-zni - hrik 

ni=0 n^=0k=l 


—si.\ ’^iH- 


(g--) 


< 


Y[Ck ^ 

k=l nfc=0 


d—/c+l—Re(sfcH- \-Sd) 


nciii-? 


d — k ~t~ 1—n© (^Sk ■ ■ ■ ~l~ 


, -1 


k=l 


This proves (1) for any global fnnction held. 

Snppose hrst that d = 2. Becanse Fq(T) has genns g = 0 and class nnmber 
hwqiT) = 1, Proposition ED implies that 

qn+i _ I 


for all integers n > 0. Then 

— q\n / _-,,,\n+m 


hnhn+m (g“^) (?“"') 

1 (^n+1 _ ^qU+m+l _ ^^-^y+va 


{q-iy 

1 


ya+lqU+m+l _ qn+l _ ^n+m+1 ^ 


{q-lf 

for all integers ?7,,m > 0. Snbstitnte in m and expand to obtain 


(g-l)%(FyT);s,n;) 

OO OO oo oo 

= E FT"’ - ^E E 

n=0 m=0 n=0 m=0 

oo oo oo oo 

- 5E E ii'^T + E E F"')’” ■ 

n=0 m=0 n=0 m=0 
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(3.2) 


Summing geometric series in the preceding expression yields 
Z2{¥q{T)-S,w) = 

1 1 q 1 1 

{q - 1)2 1 - g 2 -(s+«;) X _ (g - 1)2 1 - 1 - q--^ 

q 1 1 111 

(g - 1)2 1 - gi-h+H 1 - (g - 1)2 1 - q-(^+^) 1 - g-'^' 

It follows from (in that Z 2 {¥q{T)-, s,w) has a meromorphic continuation to all 
{s,w) in and is a rational function in q~^ and g“"’. 

Let 

o(<r*. 9 -“) = 

(? - 1 )^ (1 - g-l*+”'>) (1 - gl-(‘+”')) (2 - (1 - 5 -”') (1 - , 

Multiply both sides of (jd. 2 |l by Q {q~^, q~^) to obtain 
Q{q-^,q-^)Z2(¥q{T);s,w) = 

g 2 (1 _ q-is+w)^^ (X _ (1 _ q-^^ 

- g (1 - g-(^+^)) (1 - g 2 -(^+«')) (1 _ gi-"') 

- g (1 - (1 - g 2 -h+-)) (1 _ g—) 

+ (1 - gl-(^+“^)) (1 - g 2 -(^+^)) (1 _ gl-^) . 

Thus, 

Q(g-^g-"')Z 2 (F,(T);s,u;) 

is polynomial of degree < 3 in each of q~^ and g“"'. This proves (2). 

It also follows from (Q that Z 2 (Fq(T); s, w) has possible simple poles on the linear 
subvarieties s + w = 0,1, 2 and w = 0,1. This proves (3). 

The proof for d > 3 is analogous. Substitute the product 

n7^ nT‘"'-1) 

k=i ’ k=i 

into dSH), expand, and sum geometric series to obtain 

Zd(Fg(T);si,...,Sd) = ^Ri (g""S ..., g"""*) , (3.3) 

i=l 

where Ri (g~^^,..., g”^'^) is a rational function which is a product of one function from 
each of the sets 

{ 9 ,...,/}. 

{(I-,--)-', ( 1 - 9 '-)-'}. 
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and d — 1 functions from the set 


|(l_g-(^fc+-+^d) \ (1 _ \ (1 _ g2-(.,+...+.,)^ 1. k = l,...,d-l.^ 


It follows from (USD that Zfi (Fg(T); Si,... ,Sd) has a meromorphic continuation to 
all (si,..., Sd) in and is a rational function in q~^^,..., 

Let 


Q (q-‘\ .... q-“) = (q- 1)“ (l - (l - g'-') 

q 


d-1 


X 


11 ( 1-9 


_ --_ g2— (sj-H-|-Sd)j 


k=l 


Then it is not difficult to show that 




is a polynomial of degree < 2d — 1 in each of g ®i,..., g 

Finally, it follows from the explicit form of the functions Ri (g“^h ..., g“^‘*) that 

2d 

(g-^S...,g-^^) 

i=l 


has possible simple poles on the linear subvarieties 


s/j T ■ ■ ■ T Sfj, — 0,1,..., d — /c -|- 1, k — 1,..., d. 


□ 


Proof of Corollarv M.fA From property 1 we see that each function Ri{q ,..., g 
is the product of a rational number and products of zeta functions of the type 

Z (Fq[T], Sfc + • • ■ Srf — 1), Z (Fg[T], Sk + ■ ■ ■ + Sd), Z (Fq[T], + • • • -f + 1), 

where fc = 1,..., d. The corollary now follows from (Q. □ 


4. Proof of Theorem [mi AND Corollary im 

Proof of Theorem M . 1 11 Part (1) was established in the proof of Theorem 11.81 
We will prove parts (2) and (3) for d = 2, the proofs for d > 3 being a more 
complicated elaboration on the same idea. 

Write 

bnbn+m {q'T (g-“')"^'" = (g-(*+“'))" (g-^”)"* 

and substitute in m to obtain 

OO OO 

(A'i s,w) = J2 ft (9-“+”')” E ft+™ (9-)” ■ (4.1) 

n=0 m=0 


16 








Let u = q and n = g Decompose the sum ()4.1|1 as follows: 


OO OO 

72=0 m=0 

‘2g—2 OO OO OO 

72=0 m=0 n=2g—l m=0 

2g—2 2g—2—n 2^—2 oo oo oo 

= ^hnU^ E K+nV'^+^h^U^ Y. b^+nV^+ Y1 

72=0 m=0 n=0 m=2g—l—n n=2g—l m=0 

= A{u, v) + B{u, v) + C{u, v). 

It is immediate that 


2g—2 2g—2—n 

A{u,v)=Y ^ hJ)m+nU"'v'^ 

72=0 m=0 

is analytic for all (s,tc) in and is a rational function in g“® and g“"'. 

To analyze B{u,v), hrst observe that if m > 2g — 1 — n, then m + n > 2g — 2. 
Applying Proposition Id.11 and summing geometric series yields 


5^ bm+nV^ 

m=2g—l—n 


1 (j<j 

K ^ (,«-»+! _i),r 

^ m=2g—l—n 


hK 

q-l 

hK 
q-l 
hK 
q- 1 


OO OO 

m=2g—l—n m=2g—l—n 


Q 


n-g+l 


(gy)23 1 n 

1 — qv 


^2g-l-n- 
1 — V 


q9 

1 — qv 


1 

1 — n 


V 


2g—l—n 


Substitute this computation into B{u,v) to obtain 


B{u, v) 


hK q^ 
q — I [ 1 — gn 


1 

1 — n 


n=0 


This expression shows that B{u,v) has a meromorphic continuation to all {s,w) 
in and is a rational function in g“* and g“'^. Further, this expression shows 
that B{u,v) has simple poles at n = 1 and v = q~^, which correspond to the linear 
subvarieties tc = 0 and w = 1, respectively. 
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To analyze C{u,v), first observe that if n > 25 f — 1, then m + n > 2g — 2 for all 
m> 0. Applying Proposition Kf.ll and snmming geometric series yields 


^ ^ bm+n'^ 


h 


K 


rn=0 


q-1 




m+n—g-\-l 


1) 


m=0 


h 


K 


q-1 

hK 
q- 1 


,n-g+l 




n-g+l 


m=0 

1 


m=0 


1 — qv 1 — V 


Snbstitnte this compntation into C{u,v), apply Proposition Id. 11 and snm geometric 
series to obtain 


C(m, v) 




q-1 

Hr 


q 


- 9+1 


1 — qv 


X 




n=2g—l 


,U 


n=2g—l 


q-1 

n=2g—l 
2 

X 


^ _ 

1 — qv 

hR 

q-1 

q-g+i 

1 — qv 


^ -1) 


{quy 


— E 

— 7 ? 


1 — V 


n=2g—l ^ 


^ - 1) 


u 


h 


R 


q-1 


,- 9+1 


X 


E 

n=2g—\ 


2 \n 
U] 


E («“)’ 

n=2g—l 


1 — n 


,- 9+1 


E (9«r- E + 

n=2g—l n=2g—l 


g-9+1 



1 

' ,+MuY^ ^ m 29 ly 

1 — qv 

^ 1 2 

1 — q^u 

1 — qu 

1 — n 

^1 1 

1 — qu 1 — u] 


h 


R 


q-1 


X 


(q 


2\g 


+ 


{1 — qv){l — q'^u) {1 — qv){l — qu) {1 — v){l — qu) {1 — v){l — u) 


u 


29-1 


This expression shows that C{u,v) has a meromorphic continnation to all {s,w) 
in and is a rational fnnction in q~^ and q~'^. Fnrther, this expression shows that 
C{u,v) has possible simple poles at n = 1, n = q~^, u = 1, u = q~^, and u = q~^, 
which correspond to the linear snbvarieties ta = 0, ta = l, s + r(; = 0, s + r(; = l, and 
s + w = 2, respectively. □ 
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Proof of Corollarv M.PA First observe that the polynomial 


2g-2 

Q{u, v) = {1 — qv) (l — q^u) (1 — qu){l — n)(l — m) n” 

n=0 


has degree 3 in n and degree 1 + 2 + ■ ■ ■ + 25 f in n. 
Becanse 


2g—2 2g—2—n 

A{U,V)=^ Y, hJ)m+nU^V^ 

n=0 m=0 


has degree < 25 f — 2 in n and degree < 25 f — 2 in n, Q{u, v)A{u, v) has degree < 25 f + 1 
in u and degree < (1 + 2 + ■ ■ ■ + 2g) + 2g — 2 m. v. 

Write 


29-2 

Y bn {UV~Y 


n=0 




n^k 


n 


29-2, 

n=0 


SO that 


B{u, v) 


Then 


hx 

q-1 


g^(l — n) — (1 — qv) 
(1 — qv){l — v) 


.,29-1. 


Eho" hu'‘ 


n^k 


n 


29-2, 

n=0 


Q{u,v)B{u,v) = 

1 2^—2 2g—2 

—^ (l — q^u) (1 — qu){l — u) [q^{l — v) — {1 — qv)] ^ bkU^ n"" 

^ A;=0 n=0 

n^k 

has degree < 25 f + 1 in n and degree (1 + 2 + ■ ■ ■ + 25 f — 2) + 25 f in n. 

Similarly, write 

1 

r(v v) = ^ _=_ 

^ ’ {q-l)^l-qv){l-q^u){l-qu){l-v){l-u) 

X [(1 — qu){l — v){l — u)q^ ~ ~ (1 ~ '^)(1 “ 

— (1 — qv) (l — q'^u) (1 — u)q^ + (1 — Qv) (l — q'^u) (1 — qu)] 

Then 


1.2 ‘ ^9 f 

Q{u,v)C[u,v) = JJ n” 

' n=0 

X [(1 — gM)(l — n)(l — u) {q^y — (l — q^u) (1 — n)(l — u)q^ 

— (1 — qv) (l — q^u) (1 — u)q^ + (1 — Qv) (l — Q^u) (1 — Qu)] 

has degree 25 f + 1 in n and degree (1 + 2 + ■ ■ ■ + 25 f — 2) + 1 in n. 
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u 


29-1 













The corollary follows by comparing the degrees of the polynomials on the RHS of 
the expression 


Q{u, v)Z 2 {K] s, w) = Q{u, v)A{u, v) + Q(u, v)B(u, v) + Q{u, v)C{u, v). 

□ 
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